In [Nagb], we introduced a variant of non-commutative DonaldsonThomas theory in a combinatorial way, which is related to the topological vertex by a wall-crossing phenomenon. In this paper, we (1) provide an alternative definition in a geometric way, (2) show that the two definitions agree with each other and (3) compute the invariants using the vertex operator method, following [ORV06] and [BY10] . The stability parameter in the geometric definition determines the order of the vertex operators and hence we can understand the wall-crossing formula in non-commutative Donaldson-Thomas theory as the commutator relation of the vertex operators.
2).
Let A σ be a non-commutative crepant resolution of the affine toric CalabiYau 3-fold X. We can identify the derived category of coherent sheaves on Y σ and the one of A σ -modules by a derived equivalence. A parameter ζ gives a Bridgeland's stability condition of this derived category, and hence a core A ζ of a t-structure on it (Definition 1.7). In fact, we have two specific parameters such that the corresponding t-structures coincide with the ones given by Y σ or A σ respectively. Given an element in A ζ , we can restrict it to get a sheaf on the smooth locus X sm . Since the singular locus X sing is compact, it makes sense to study those elements in A ζ which are isomorphic to I ν,λ outside a compact subset of X, or in other words, those elements in A ζ which have the same asymptotic behavior as I ν,λ . We will study the moduli spaces of such objects as noncommutative analogues of M DT (ν, λ). In general the ideal sheaf I ν,λ is not an element in A ζ , however P ζ ν,λ := H 0 A ζ (I ν,λ ) is always in A ζ .
We will construct the moduli space M ncDT (ζ, ν, λ) of quotients of P ζ ν,λ in A ζ as a GIT quotient ( §5.1). Note that M ncDT (ζ, ∅, ∅) is the moduli space we have studied in [Naga] . We define Euler characteristic version of open noncommutative Donaldson-Thomas invariants by the Euler characteristics of the connected components of M ncDT (ζ, ν, λ) 2 . The torus action on Y σ induces a torus action on the moduli M ncDT (ζ, ν, λ). We will compute the Euler characteristic by counting the number of torus fixed points. For a generic ζ, the core A ζ of the t-structure is isomorphic to the category of A ζ σ -modules, where A ζ σ is associated with a quiver with a potential. Hence, we can describe the torus fixed point set on M ncDT (ζ, ν, λ) in terms of a crystal melting model ( [ORV06, OY09] ), which we have studied in [Nagb] . In fact, a particle in the grand state crystal gives a weight vector in P ζ ν,λ with respect to the torus action, and a crystal obtained by removing a finite number of particles from the grand state crystal gives a torus fixed point in M ncDT (ζ, ν, λ) ( §3.1). The invariants in this paper agree with the ones defined in [Nagb] .
Finally, we provide explicit formulas for the generating functions of the Euler characteristic version of the open commutative and non-commutative Donaldson-Thomas invariants using vertex operator method, following [ORV06] , [BY10] and [BCY] 3 . The order of the vertex operators is determined by the chamber in which the parameter ζ is. Hence we can understand the wall-crossing formula as the commutator relation of the vertex operators.
In Szendroi's original non-commutative Donaldson-Thomas theory ( [Sze08] ) the moduli spaces admit symmetric obstruction theory and the invariants are defined as the virtual counting of the moduli spaces in the sense of Behrend-
4 . In the case when ν + = ν − = ∅, we show that the moduli space M ncDT (ζ, ∅, λ) admits a symmetric obstruction theory ( §5.2). Using the result in [BF08], we can verify that the virtual counting coincide with the (nonweighted) Euler characteristics up to signs as in [Sze08, MR10, NN, Naga] ( §6.1). We can also compute the generating function of the weighted (or non-weighted)
Euler characteristics using Joyce-Song's theory ( [JS] , or [Joy08] ).
The plan of this paper is as follows: Section 1 contains basic observations on the core A ζ of the t-structure of the derived category. In Section 2, the definition of Euler characteristic version of open non-commutative Donaldson-Thomas invariants is provided. Then, we compute the generating function using vertex operators in Section 3. Finally, we study open Donaldson-Thomas invariants and topological vertex as "limits" of open non-commutative Donaldson-Thomas invariants in Section 4. Section 2, Section 3 and Section 4 are the main parts of this paper. In Section 5 we construct the moduli spaces used in Section 2 and 4 to define invariants. Moreover, we construct symmetric obstruction theory on the moduli space in the case of ν + = ν − = ∅ in Section 5.2. The relation between weighted Euler characteristic and Euler characteristic is discussed in Section 6.1. Throughout this paper we work on the half of the whole space of stability parameters. We will have a discussion about the other half of the stability space in Section 6.2. The computation in Section 3 depends on an explicit combinatorial description of the derived equivalence. We leave it until Section 6.3 since it is very technical.
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Notations
Let Z h denote the set of half integers and L be a positive integer. We set I := Z/LZ and I h := Z h /LZ. The two natural projections Z → I and Z h → I h are denoted by the same symbol π. We sometimes identify I and I h with {0, . . . , L − 1} and {1/2, . . . , L − 1/2} respectively. The symbols n, h, i and j are used for elements in Z, Z h , I and I h respectively.
Throughout this paper, the following data play crucial roles:
• a map σ : Z h → {±}, which determines the crepant resolution Y σ → X and the non-commutative crepant resolution A σ ,
• a pair of Young diagram ν = (ν + , ν − ) and an L-tuple of Young diagrams λ = (λ (1/2) , . . . , λ (L−1/2) ), which determines the "asymptotic behaviors" of (complexes of) sheaves we will count,
• a stability parameter ζ, which determines the t-structure where we will work on, and
• a bijection θ : Z h → Z h , which determines the chamber where the stability parameter ζ is.
We sometimes identify a Young diagram µ with a map µ : Z h → {±} such that µ(h) = − for h ≪ 0 and µ(h) = + for h ≫ 0 5 . We identify an L-tuple of Young diagrams λ with a map λ : Z h → {±} by
We define the following categories: 1 T-structure and chamber structure 1.1 Non-commutative and commutative crepant resolutions
Let σ be a map from I h to {±}. In [Naga] , following [HV07] , we introduced a quiver with a potential A σ = (Q σ , w σ ), which is a non-commutative crepant resolution of X ( [Naga] ). First, we set
The symbol H and S represent "hexagon" and "square" respectively. We use such notations since an element in each set corresponds to a hexagon or square in the dimer model (see [Naga, §1.2] ). The vertices of Q σ are parametrized by I and the arrows are given by Here h + j (resp. h − j ) is an edge from j − 1/2 to j + 1/2 (resp. from j + 1/2 to j − 1/2) and r i is an edge from i to itself. See [Naga, §1.2] for the definition of the potential w σ .
Let P i (resp. S i ) be the projective (resp. simple) A σ -module corresponding to the vertex i. Let K num (mod fin A σ ) be the numerical Grothendieck group of mod fin A σ , which we identify with Z I by the natural basis {[S i ]}. We put δ = (1, . . . , 1) ∈ K num (mod fin A σ ).
We identity the dual space (K num (mod fin A σ )⊗R) * with R I by the dual basis of {[S i ]}. Take ζ Let Y σ denote this crepant resolution.
6 , see §4.1). We have a derived equivalence between
fin (modA σ ) (resp. modA σ ). fin (modA σ ) consisting of elements whose Harder-Narasimhan factors have phases less or equal to t 1 π and larger than t 2 π. The following claims are standard (see [Bri07] ):
Stability condition and tilting
is a core of a t-structure for any t. 
(−) represents the cohomology with respect to the t-structure
Proof. In [Naga] , it is shown that A σ is isomorphic to f * EndV for a vector bundle V on Y σ , where f is the contraction Y σ → X. Since f is proper, A σ is finitely generated as an O X -module. Hence A σ is Noetherian.
Proposition 1.5. For 0 < t < 1 we put
Then the pair of full subcategory (D
Proof. We will prove that every object F ∈ modA σ fits into a short exact sequence
Then we have the following exact sequence:
This implies Hom Aσ (X,
, then the claim follows.
denote the core of the t-structure given from modA σ by tilting with respect to the torsion pair in Proposition 1.5, i.e.
We have the following bijection:
The inverse map is given by
For a fixed T , take 0 < t < 1 such that tan(tπ) = 1/T . Note that for an element V ∈ mod fin A σ we have
Remark 1.8. We have the natural action rot of R on the space of Bridgeland's stability conditions given by rotation of the complex line which is the target of the central charge. We can embed (K num (mod fin A σ ) ⊗ R) * into the space of Bridgeland's stability conditions by
. This is the reason why we call ζ a stability parameter, although we will use the former description since it is more convenient in our argument.
Chamber structure
A stability parameter ζ is said to be generic if there is no Z ζ • -semistable objects with phase t. Then we get a chamber structure in (
Proposition 1.9. The chamber structure coincides with the affine root chamber structure of type A L−1 .
Proof. A Z ζ • -semistable object V has the phase t if and only if ζ([V ]) = 0 and so the genericity in this paper agrees with the one in [Naga] . Then the claim follows from [Naga, Proposition 2.10, Corollary 2.12].
Here we give a brief review for the affine root system of type A L−1 . We call P := K num (mod fin A σ ) the root lattice and
An element in Λ (resp. Λ
We put Λ re,+ := Λ re ∩ Λ + and define Λ re,− , Λ im,+ and Λ im,− in the same way. For a root α, let W α denote the hyperplane in (K num (mod fin A σ ) ⊗ R) * given by
The walls in the affine root chamber structure of type A L−1 is given by
Throughout this paper, we work on the area below the wall W δ , i.e. on the area {ζ | ζ · δ < 0}.
Parametrization of chambers
Let Θ denote the set of bijections θ :
, and
We have a natural bijection between Θ and the set of chambers in the area {ζ | ζ · δ < 0}. An element ζ θ in the chamber C θ corresponding to θ ∈ Θ satisfies the following condition:
for any h < h ′ . For θ ∈ Θ and i ∈ I, we define α(θ, i) ∈ P by
Then the chamber C θ is adjacent to the walls W α(θ,i) and we have ζ θ ·α(θ, i) < 0 for ζ θ ∈ C θ . Let θ i : Z h → Z h be the bijection given by
Then we have α(θ, i) = −α(θ•θ i , i) and the chambers C θ and C θ•θi are separated by the wall W α(θ,i) = W α(θ•θi,i) .
Mutation
Assume that T < 0 and ζ • is such that (ζ • , T ′ ) is not on an intersection of two walls for any T ′ ∈ R. Let {T r } (T 1 < T 2 < · · · < 0) be the set of all the parameters T r < 0 such that (ζ • , T r ) is not generic. According to the argument at the end of the previous subsection, we have the sequence {i r } of elements in I such that (ζ • , T r ) for any r is on the wall W αr for
Take the minimal positive integer R such that T < T R and put A 
under the induced isomorphism
2 Definition of the invariants
Ideal sheaf associated to Young diagrams
In this paper, we regard a Young diagram as a subset of (
be the following subset of (Z >0 ) 3 :
A subset Λ of (Z >0 ) 3 is said to be a 3-dimensional Young diagram of type (λ x , λ y , λ z ) if the following conditions are satisfied:
• Λ ⊃ Λ min , and
This is invariant with respect to the torus action T := (C * ) 3 C 3 . On the other hand, any torus invariant ideal can be described in this way.
Recall that the toric graph of Y σ has
• L vertices,
• L − 1 closed edges, and • a pair of Young diagrams ν = (ν + , ν − ) and an L-tuple of Young diagrams
• an (L−1)-tuple of Young diagrams ν (1) , . . . , ν (L−1) corresponding to closed edges, and
where we put
be the ideal associated with the L-tuple of 3-dimensional Young diagrams
We set I ν,λ := I(ν, λ; ∅, . . . , ∅).
Open non-commutative Donaldson-Thomas invariants
Assume ζ ∈ C θ for some θ ∈ Θ. We put
where H * A ζ (−) represents the cohomology with respect to the t-structure corresponding to A ζ .
Example 2.1.
(1) In the case when
In the case when L + = L − = 1 and
we have an exact sequence
We can see that I(∅, λ; ) does not have O C (−n) as its quotient for n > 0 7 . This means that I(∅, λ; ) is in 
7 Suppose that we have a surjection from I(∅, λ; ) to O C (−n). We may assume that the map is torus equivariant. Then the kernel is described by a pair of 3-dimensional Young diagrams which is obtained by removing some boxes from the pair of 3-dimensional Young diagrams associated to I(∅, λ; ). Then we can see that we can not remove boxes so that the cokernel is O C (−n) (n > 0). 8 We use the monomial q α(θ,i) since α(θ, i) is the numerical class of the simple A • V(n) = ν − for n ≪ 0 and V(n) = ν + for n ≫ 0,
Definition 3.3. For a transition V of Young diagram of type (σ, θ; ν, λ), we put
We use the notation p(n, x, y) for an element in P (V). , which satisfies the condition.
The lemma above claims that giving a transition V of Young diagram of type (σ, θ; ν, λ) is equivalent to giving a crystal P (V) of type (σ, θ; ν, λ). Definition 3.6. Let M (V) = ⊕ i M (V) i be the vector space spanned by the elements in Proposition 3.9. Let (P ζ ν,λ ։ V ) ∈ M(ν, λ, ζ; v) be a torus fixed point. Then the kernel of the map is described as M (V) for a transition V.
Proof. Take a one parameter subgroup ρ : T → GL P ζ ν,λ i such that ρ(t) * P ζ ν,λ = t · P ζ ν,λ . Each element in P (V min ) gives an eigenvector for ρ and the eigenvalues are distinct from each other. Hence the kernel is spanned by a subset of P (V min ). We can verify that a subset of P (V min ) gives an A 
Definition 3.11.
Corollary 3.12.
Crystal melting and vertex operators
be the ring of Laurent formal power series with variables q i (i ∈ I) and Π be the set of Young diagrams. We define the Fock space (∧ Let − | − be the K-bilinear inner product under which {µ} are orthonormal.
We will use the "bra-ket" notation:
where A is an endomorphism of (∧ ∞ 2 ) 0 .
Definition 3.13. For p ∈ K, we define the vertex operators Γ
For w ′ ∈ Z I , we set
Lemma 3.15. (see [BY10] ) Let J be a countable set and w : J → Z I be a map such that w −1 ((Z I ) ≤w ′ ) is finite for any w ′ ∈ Z I . Put p j := q w(j) . Note that for any map ε : J → {±} the operator j∈J Γ ε(j)
± (p j ) is well-defined. Then we have
where s (µ ′ \µ) and s ( t µ ′ \ t µ) denote the skew Schur functions.
Let f (h) (h ∈ Z h ) be a sequence of operators. If the composition of the operator
is well-defined, we denote this by
We set α h := α [1/2,h] and q h := q α h and define the monomial
The following claim is clear from the definitions:
Proposition 3.16.
Computation of the generating function
For a symmetric function f = f (p 1 , p 2 , . . .), let f * be the symmetric function given by f
2 , . . .). For a subset S ⊂ Z h , let f (S ; q) denote the symmetric function given by substituting {q h | h ∈ S} for f . We set
The following lemma is a direct consequence of Lemma 3.14:
Lemma 3.17.
We can easily verify the following:
Lemma 3.18. For α ∈ ∆ re and for any λ, we have
be MacMahon function and
be the specialization of Schur function. The next equation follows from the hook length formula:
where the product in the left hand side is taken over the set 
Combining Corollary 3.12, Lemma 3.14, Proposition 3.16, Lemma 3.17 and Lemma 3.18, we get the following explicit formula:
Corollary 3.22. The normalized generating function
does not depend on θ.
4 Open Donaldson-Thomas invariants and topological vertex
Open Donaldson-Thomas invariants
Take β ∈ H 2 (Y σ , Z) and n ∈ Z. Note that H 2 (Y σ , Z) has the natural basis
..,L−1 , where C i ≃ P 1 is an irreducible component of the fiber f −1 (0) of the contraction f : Y σ → X. The derived equivalence induces the following isomorphism:
Definition 4.1. A (ν, λ)-pair of type (β, n) is a pair (F, s) of a coherent sheaf F ∈ Coh cpt (Y σ ) and a morphism s : I ν,λ → F such that c 2 (F ) = β, χ(F ) = n and s is surjective. Two (ν, λ)-pairs (F, s) and (F ′ , s ′ ) are said to be equivalent if there exists a isomorphism between F and F ′ compatible with s and s ′ .
Recall that in [Naga] we construct a tilting vector bundle
where Take ζ
is not on an intersection of two walls for any T ′ ∈ R (see §1.5).
Proof. By (4.1), for an element E ∈ Coh cpt (Y σ ) we have
and the equality holds if and only if E is 0-dimensional. Since any 0-dimensional sheaf is in mod fin A σ , the claim follows.
Lemma 4.3.
by Lemma 4.2. Then we can see
We can show the right inclusion in the same way.
and Coh cpt (Y σ ) are cores of t-structures, the inclusion is equivalence and the claim follows.
Lemma 4.5. Let G be an A σ -module. Suppose that Hom(X, G) = 0 for any finite dimensional A σ -module X. Then we have G ∈ Coh(Y σ ).
Proof. Recall that mod(A σ ) coincides with −1 Per(Y /X) (Theorem 1.2). Thus we have the following exact sequence in mod(A σ ):
Since the restriction of an element in −1 Per(Y /X) to the smooth locus of X is a sheaf, the support of H 
Proof. In the proof of Proposition 1.5, we show that any element F ∈ D 
Proof. Using the previous lemma, we can prove the claim in the same way as Proposition 4.4.
Theorem 4.8. There is a coarse moduli scheme M DT (ν, λ ; β, n) parameterizing equivalence classes of (ν, λ)-pairs (F, s) of type (β, n).
Proof. By the Noetherian property, we can take sufficiently small T > 0 such that I ν,λ ∈ A ζ fin for ζ = ζ • cyc + T η. Moreover we can assume that for any positive root α ≤ ψ −1 (β, n) and for any T > T ′ > 0, ζ ′ := ζ
• cyc + T η is not on the wall W α . Then, using Propositions 4.4 and 4.7 and by the same argument as in [NN, §2] , we can verify that giving a (ν, λ)-pair is equivalent to giving a (σ, ζ ; ν, λ)-pair. Hence the claim follows from Theorem 2.3.
Remark 4.9. An alternative construction for M DT (ν, λ ; β, n) is the following: first, take a compactification Y of Y and let I ν,λ be the ideal sheaf on Y . Then we can get the moduli scheme as an open subscheme of the quot scheme for I ν,λ .
Corollary 4.10. Take sufficiently small T > 0 and put ζ = ζ
Definition 4.11. We define the generating function
where
Topological vertex via vertex operators
and for a 3-dimensional Young diagram Λ of type (λ x , λ y , λ z ) we define the weight w(Λ) by w(Λ) := t |Λ\Λmin| .
For a datum ( µ, Λ) as above, we define the weight w( µ, Λ) by
The T := (C * ) 3 -action on Y σ induces a T -action on M DT (ν, λ; β, n). The following claim is given in [MNOP06] .
Proposition 4.12. The set M DT (ν, λ; β, n) T of T -fixed points is isolated and parametrized by the data ( µ, Λ) as above with weight q β · t n .
Definition 4.13. We define the generating function
Corollary 4.14. If we put t = q 0 · · · · · q L−1 , then we have
We set H
The following claim directly follows from the argument in [ORV06]:
Proposition 4.15.
We set ∆
We can compute the generating function in the same way as Theorem 3.21.
Theorem 4.16. • the set of vertices ofQ is given by I ⊔ * ,
• the set of arrows ofQ is given by adding ι a (1 ≤ a ≤ a i ) from * to i for each i to the set of arrows of Q, and
• the ideal J is generated by the relations of the original algebra A is the idempotent in the direct summand corresponding to the index a.
Let P * (resp. S * ) be the projective (resp. simple)Ā Take
Then, the surjectivity condition above is equivalent to θ cyc -stability. Hence we can construct the moduli space M ncDT (ζ, ν, λ ; v) as King's moduli space of θ cycstableĀ
Remark 5.2. For ζ ∈ (K num (mod A σ ) ⊗ R) * , we can define the moduli spacē M ζ Aσ (v) of ζ-semistable framed A σ -modules as in [NN] . In [Naga] , it is shown thatM
Moduli space via a framed quiver with a potential
Assume ν = ∅. We put
where n(1/2) < n(1) < · · · < n(K + 1/2). We consider a newer quiverQ = Q ζ σ (∅, λ) obtained from Q ζ σ by adding • an arrow ι a from * to π(n(a)) for a = 1/2, . . . , K + 1/2, and
We define a new potentialŵ =ŵ ζ σ (∅, λ) for the new quiverQ bŷ
where w is the original potential and
LetÂ ζ σ (∅, λ) be the Jacobi algebra of the (Q,ŵ). We take θ cyc as in the previous subsection. Since the relations ofÂ Combined with the result in the previous subsection, we see that M ncDT (ζ, ∅, λ ; v) admits a symmetric obstruction theory.
6 Remarks and appendices
Weighted Euler characteristic
Let ν : M ncDT (ζ, ∅, λ ; v) → Z be the constructible function defined in [Beh09] (Behrend function). We define the generating function
The Behrend function is defined for any scheme over C. In [Beh09] , Behrend showed that if a proper scheme has a symmetric obstruction theory then the virtual counting, which is defined by integrating the constant function 1 over the virtual fundamental cycle, coincides with the weighted Euler characteristic weighted by the Behrend function as above. Based on this result, he proposed to define the virtual counting for a non-proper variety with a symmetric obstruction theory as the weighted Euler characteristic.
We can apply Behrend-Fantechi's result [BF08, Theorem3.4] to compute the weighted Euler characteristic by torus localization. Using the "Kozsul like" complex ([JS, Equation (140)]) and the same argument as [MR10, Theorem 7.1], we can compute the parity of the dimension of Zariski tangent space at a torus fixed point, which determines the contribution of the torus fixed point. As a result we get
under the variable change given by 
Pandharipande-Thomas invariants and wall-crossing
As we mentioned at the end of §1.3, we have worked on the area {ζ | ζ ·δ < 0} up to now. In this subsection, we make some comments on the area {ζ | ζ · δ > 0}, i.e. 0 < t < 1/2. We have a natural bijection between Θ and the set of chambers in the area {ζ | ζ ·δ > 0} as well. An element ζ θ in the chamber C θ corresponding to θ ∈ Θ satisfies the following condition: 
Take the limit of θ, the following moduli appears: On the other hand, we define the finite type transition of Young diagrams (and hence the finite type crystal model) of type (σ, θ; ν, λ) by replacing θ by (−1) • θ, where (−1) : Z h → Z h is the multiplication of (−1). The generating function is described by the operator Note that V min (n) is determined by V min (n − 1) and V min (n + 1).
Example 6.3. Assume that σ • θ(n − 1/2) = σ • θ(n + 1/2) = λ • θ(n − 1/2) = λ • θ(n + 1/2) = +. Then we have t V(n − 1) c − t V(n + 1) c = 0, 1 or 2 for any transition V and 1 t V min (n − 1) c − t V min (n + 1) c = 1 or 2.
For a transition V of Young diagram, an addable i-node for V is an element (n, x, y) such that π(n) = i, (x, y) = V(n) and Proof. Note that V min (n) = V ′ min (n) if π(n) = i. We will define isomorphisms
for n such that π(n) = i. For example, assume that σ • θ(n − 1/2) = σ • θ(n + 1/2) = λ • θ(n − 1/2) = λ • θ(n + 1/2) = +. Note that V min = V ′ min in this case. For n such that π(n) = i, ker M (V C · (n, x, y)
as O X -modules for any i. Moreover, in [Naga, Proposition 3.10] we described the map between line bundles corresponding to the arrow h ± k in the quiver, which induces an endomorphisms on O (j) ν,λ . We can check this endomorphism coincides with n∈Cj, π(n)=k∓1/2, (x,y)∈V(n)
C · (n, x, y) → n∈Cj, π(n)=k±1/2, (x,y)∈V(n)
C · (n, x, y)
given by the Definition 3.6. Hence Proposition 3.7 follows.
Example 6.6. In Figure 2 , 3 and 4, we provide some examples which may help the reader to understand the proof. All the examples are in the case of L + = L − = 1, i.e. the conifold case. In Figure 2 we provide the figure of a part of the grand state crystal in the case of ν = ∅ and λ = ∅. In Figure 3 and 4 we provide the figures of grand state and 
